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DECREASING REARRANGEMENTS AND DOUBLY

STOCHASTIC OPERATORS

BY

PETER W. DAYC1)

ABSTRACT.   In this paper generalizations to measurable functions on a finite

measure space  (A", A, p) of some characterizations of the Hardy-Littlewood-

Pólya preorder relation  <   are considered.   Let  p be a saturated, Fatou func-

tion norm such that  L°° C L? C L  , and let  L" be universally rearrangement

invariant.   The following equivalence is shown to hold for all  f£ L" iff (X, A,p)

is nonatomic or discrete:   g <   f iff g  is in the p-closed convex hull of the set

of all rearrangements of /.    Finally, it is shown that  g <   f £ L     iff g is the

image of / by a doubly stochastic operator.

1.   Introduction.   In [5] and [6], G. H. Hardy, J. E. Littlewood, and G. Pólya

introduced a preorder relation -< for »-tuples x = (x , . • •, x ) £ R" of real numbers

as follows.   If x £ Rn  let  x    = (x      . . ., x   )  denote the point obtained by re-

arranging the components of x  in decreasing order.   Then for x, y £ R",  y -< x

means

k k

Z yî<£ xh k = i,...,n-i,
z=l z=l

with equality when k = ».   Hardy, Littlewood, and Pólya characterized this pre-

order relation as follows [ll].

(1.1) Theorem.    The following are equivalent for x, y £ R".

(1) y< x.

(2) 2"_   ip (y .) < 2"_ . <P (x .) for all continuous convex functions <p   on R.

(3) y is in the convex hull of \z:   z   = x   \.

(4) There is a doubly stochastic matrix  A  such that  y = Ax.

Still another condition equivalent to y -<  x  has been given by Muirhead [12]

(also see [16]).
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It is of interest to try to generalize this theorem to functions in  LpiX, A, p),

where  p is a saturated Fatou norm such that  L°° C L*0,   Lp  CL1  and  Lp is uni-

versally rearrangement invariant (u.r.i.).   The reader is referred to [9] for a discus-

sion of these notions.   A generalization to  L   [0,  l]  of (1)« (3) «=> (4) has been

given by J. V. Ryff ([14], [15]).   A generalization of (1)«=» (2) has been given for

oiL°°, L ) by A. Grothendieck [2].   W. A. J. Luxemburg [9] has independently

given a generalization of (1)<=> (2) <=> (3) for aiLp, Lp  ).

After establishing some machinery in V§ 2 and 3, we will in §4 generalize (1)

«=>   (A) tot L   (X, p).   Finally in §5 we give a generalization of (1) <=> (3) for the

p-topology.

2. Preliminaries.   Let  (X, A, p) be a finite measure space (m.s.), that is, X

is a nonempty point set, A is a cr-algebra of subsets of X, p is a nonnegative

countably additive measure on  A, and a = p(X) < oo.   We let J" -dp denote integra-

tion over X, and let M (X, p) denote the extended real valued measurable functions

on  X.   If / e MiX, p) its distribution function is defined by  d As) = p(¡x: fix) >s J)

for all real  s, and its decreasing rearrangement by  8,it) = inf {s: dAs) < t\  tot

0 < t < p(X).   The characteristic function of F e A is denoted by   lg, and the de-

creasing rearrangement of   1£  is denoted by <5£.

Let  (X     A,, p.)  also be a finite m.s. with p, (X  ) = p(X) = a.    A map  y:

X —► X    is called  measure preserving (m.p.) if piy~   [F]) = p   (F)  for all  E e A  .

If fe MiX, p) and ge MiX     p   ), then / and g are called equimeasurable (written

/ ~ p) whenever 8, = 8  .

The Hardy-Littlewood-Polya preorder relation is generalized as follows.   If

/    e L   (X, p)  and g   € L   (X  , p  ) then  g -<-<  / ("g   is weakly majorized by /")

means  j' 8   S in &r t°r a^  0 < / < a, and g -< / ("g  is majorized by f") means

g«  f and ]a08g = fa08f.

Finally, M denotes the set of all bounded, finitely additive real valued mea-

sures  v on  A such that  v(F) = 0 whenever p(E) = 0.  .11  is known to be a vector

lattice, where if a, ß € \ , then

(a A ß)iE) = inf la(T) + ßiTc D E):T CE, Te \\.

A measure  0 < ael is called purely finitely additive if the zero measure is the

only countably additive measure between  0 and a in the lattice ordering.   Every

v £ Ü1I can be written  v = v   + ia   where  v . , v      ate purely finitely additive, and
c        p P       P r        '

v    is countably additive [17, Theorem 1.24].   Then dvc = gvdp with gye L  .

3. Bounds of some functionals.   Results of later sections depend on the fol-

lowing principle which is a corollary of the Hahn-Banach theorem for a locally

convex topological vector space   V  with continuous dual   V .
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(3.1) Lemma. Let K be a closed convex subset of V and let D C K. Then

K is the closed convex hull of D iff sup F [D] > sup F [K] for all F £ V .

In this section results are given which pave the way for the use of this lemma.

A set  A £ A is called an atom of (X, A, p) if p(A) > 0, and for all  B e A

with  B C A  we have either piß) = 0 or  piA\B) = 0.   Any measurable function is

essentially constant on every atom.   A measure space is called nonatomic if it has

no atoms.  Although a nonatomic measure space is not measure-theoretically

equivalent to  [O, pix)]  unless  ÍX, A, ft)  is separable, these two spaces can be

related by a measure preserving map.

(3.2) Lemma.    The following are equivalent.

(1) (X, A, p) is nonatomic.

(2) There is a measure preserving map of X  into [0, piX)[.

(3) // v-u = p(X) then there is a m.p. map of X into [u, v[.

(4) Every right continuous decreasing function on  [0, piX)]  is the decreasing

rearrangement of a measurable function on (X, A, p).

Proof.   (1)=> (2).   If <7j is the function in [3, Lemma 7], then  ff(x) = piX)cpix)

is measure preserving.    Alternatively, we may use [4, 41(2)] to define, for each

u = TTz/2",   »>0,   0<772<  2", sets  B     such that  piB  ) = u piX) and  u < v  im-
—     '       —        — u '        u n

plies  B   C B .   Then ix: oix) > s\ = [J \BC : t > s/a| and we easily compute

Sait) = piX)- t.   (2) => (3).   If o: X —» [0, a[ is m.p. and v-u = a, then x h->

ff(x) + u is a m.p. map of X into  [u, v[.   (3) =» (4).   Let o: X—> [0, a[ be m.p.   If

F is decteasing and right-continuous on  [0. a]  then / = F ° o ~ F, so 8, = F by

uniqueness of 8..  (4)=»(1).   Let / £ M (X, p) suchthat 8,it) = a-1.   Then / is

not constant on any subset of  X of positive measure so  X has no atoms.

Let  (X,  A, p) be nonatomic and let f £ M (X, p).   If A,  B £ A have  piA) =

piB), then (3.2) may be used to define /     = a result of interchanging the values

of f on A and B, as follows.   Let oA: A —> [0, piA)] and aß : B —• [0, piB)] be

m.p.   Then /    = 8, i A °o _ on   B, = 8,\ B° oA  on  A, =   f elsewhere.   Clearly /'

-/.

Using (3.2) it is also easy to generalize to nonatomic m.s. a result of J. V.

Ryff [15, Lemma 2] and G. Lorentz [7, p. 6l] for [0, l].

(3.3) Proposition (Lorentz-Ryff). // the finite m.s. (X, A, p) is nonatomic

and f£ MÍX, p) then there is a measure preserving map o : X —» [0, piX)[ such

that f = 8, ° o p-a.e.

Proof.   See [1, p. 26].

The next result is a generalization proved in [9, p. 102] of an inequality of

Hardy and Littlewood.
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(3.4) Lemma.   If f, ge MiX, p),  a = p (X) < oo, and 8\ . i Si    i e L x [0, a] then
IM        I   &   I

fge LliX, p) and

fao8fia-t)Sgit)dt<ffgdp<yo8f8g.

These inequalities hold also for all 0 < /,  g e M (X, p), even if 8,8    4

LllO,a\

It is a corollary of a theorem of Hardy [9, p. 94] that if / -<•<  / and both

Si ,i 81   i  and 8\, ¡\ 8\   i e L l [0, a], then
I'l    lsl I'    I    Is I

JÍVñ^ío^i/iV
If /   -<   / then in addition

(3.5) Jo^W* - t)dt * J"''«^ * io¥s-

If / ' -< feLxip) and 81,1 8\   i e L x [0, a] then, by approximating  |g| by non-

negative simple functions, we see that already Si.iiSi   i eL   [0, a], and (3.5)

holds.

Because of its utility, Luxemburg has called a measure space adequate if

maxl//g ' dp: g ' ~ g\ = ( an 8,8    for all  0 < /,  g£ M (X, p), and he has asked

for a characterization of such measure spaces [9, p. 106].   The following seems

to be "adequate".

(3.6) Theorem.    The following are equivalent for the finite m.s. (X, A, p).

(1) (X, A, p) is adequate.

(2) (X, A, p)  is nonatomic or consists only of atoms of equal measure.

(3) For all A, B e A we have

supiflAlEdp: lß-x. lBi = supipU nE):piE) = piB)\ = ySA8B.

Proof.   (2) => (1).   Suppose (X, A, p) is nonatomic.   Let a :   X —> [0, a] be

m.p. such that 8, ° o = / p- a.e.   Then [^8,8   = /(§, ° a) (S   o a) dp = f fg 'dp,

where g   =8    ° a ~ g.   The proof when (X, p) is discrete is similar [5, Theorem

368].   (1) =» (3) is obvious.   It remains to prove (3) =» (2).   Suppose (2) is not

true. Then either X has at least two atoms, A, B with  0 < piB) < piA); or X has

an atom  A  and a nonatomic part  X    of positive measure, in which case there is

a B C XQ such that 0 < p(ß) < piA).   In either case, for all  F e A with   1E ~ 1

we have piE) = piB) and hence piA  O   B) < piE) = piB) <piA), so piA D E) =

0, but /Jj 5i4c3B = p(B)>0.

Finally, it is necessary to determine  sup {fh dv: h ~ f\ when /e L°°,  j/ e \,

and  (X, A, p) is nonatomic.
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(3.7) Lemma.    Suppose  0 < a,  ß £ M are purely finitely additive.    If a A ß =

0 then there are sequences  \A   ! and \B   I such that1 72 77

(a) An HBn=0,        (c)    ß(Bn)]ß(X),

(b) a(An)Ta(X),       (d)    piAn) and piBn)-+0.

The proof is straightforward using [17,  1.1.1 and Theorem 1.22].

(3.8) Lemma.   Suppose (X, A, p)  is nonatomic, A Ci B = 0   and piA),  piB)

< Vi min ift(S), piT)\.   Then there are sets DCS and E CT such that

(a) piD) = piA), piE) = piB);

(b) A, B, D and E are pairwise disjoint.

Proof.   piA) + p(Acn Bn S)/2 + piA n BCC\  S)/2< piA) +piB)/2 +piA)/2

< piS)/4+ p(S)/8 + /i(5)/8 = p(S)/2.   Hence, piA) < piAc n Bc D   S)/2 =

[piAc n   BcO   Snrc) + /t(/lcn   Bc n   S  n r)]/2.   Similarly, ft(B) <

[ft(Ac n  Bc n S r> T) + piAc n  Bc n   Sc n  T)]/2.  Since (X, A, ft) is nonatomic,

/lcnßcn5nr = PuQ with  P n Q = 0  and fi(P) = piQ).   Hence //(A) <

pi[Acn   Bcr\   S n Tc] UP) so there is a DC(AC n Bcn 5n Tc)u P such that

ft(D) = fi(/4).   Similarly for E C (Ac n Bcn  Sc n T) u Q.

(3.9) Proposition.   Suppose  (X,  A, ft) z's nonatomic, let v£M and f £ L°°.

Then

sup < I /b fiz^: i ~ f\ =  j    5 .8      + v   ÍX) ess  sup / - v~ ÍX) ess inf /.

Proof.   Let r = ess sup f, s = ess  inf /, let  o:  X—> [0, a] be m.p. such that

8      ° O" = g v p -a.e.,   let  h - 8, ° o, and for  i >  1  let  S. - \\ f-r \ < 1/ i \ and

TiV=\\f-s\<l/i\.   Let  |AJ  and  \Bj satisfy (a) - (d) in (3.7) with  a = l/^

and  ß = v    .   Using (d) and passing to subsequences if necessary, we may

assume piA.), pÍB¿) <   ]4 min ifxíS^), fz.(T¿)!.   Hence by (3.8) there are sets

D. C.V. and E. C T. suchthat piD .) = piA .),  ft (£.) = fi(ß.), and A., B., D.,

E . are pairwise disjoint.

For each  z >   1  let  h . be   a result  of  fitst interchanging the values of zb  on

D.  and  A., and then of interchanging the values of the resulting function on  E .

p       J    i        p
and  B ..   Then  h . ~ h ~ /, and   f h .dv = \ h .g^d p+ fh .dv     -   f h . dv     .   Now

2 i I ' J       i J       1®V      * J       I p J       I p

fh.g   du —> \ hg   dp as  i —> t».   Indeed, if G. = A . U  B.U  D.U  E. then zb . =
•/¡Oyr-Joj,/» I ¡z 2 2 Z Z

zb  on  X\ G ., so

íhigvdrl = Sx_c.b8vdp.+ SCibigvdlí,      fGihi8vdp   <WLjG. Igja-ft 0

as  z—> oo.    For the rest,
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fh^l-rvliX)   < fA¡ Ibi-rldvl+S^ \b{-r\dv;

<^VliX)+\\h-r\\oglVliX)-v+piA.)] 0.

Similarly  \fb.dvp -sv~ (X) | — 0.   Since fhgv dp = J(5/ o CT) (g     oa)dp =

J0  8 ,8    , the proof is finished.
Si/

4.   Doubly stochastic operators.   If T : L   (p )—> L   (p) is bounded and

linear, let   T    denote the adjoint of  T, defined by  fgTfdp = J/T   gdp     for all

/ei-H/Zj) and geL00^).   Then  T*: L00^)^ L00^) and T is weakly contin-

uous [13, p. 38, Proposition 12] (or use nets and the defining equation).

By analogy with the definition for matrices, we define a doubly stochastic

(d.s.) operator to be a bounded, linear operator T : L1ip ) —» L1(p) such that (1)

T > 0;  (2) Tl^   = 1   ; and (3) T    lx = lx  .   It is easy to see that whenever two

d.s. operators can be composed, the result is d.s.

(4.1) Theorem.   Let  T be a linear map of the simple functions of L   (p   )

into  L   ip).    The following are equivalent:

(1) T extends to a d.s. operator on  L   (p ).

(2) 0 < TlE  <   lx and f T'I£dp = p X(E) for all Ee Ay.

(3) There is a linear extension of T to  L   (p ) such that  7"/-< / for all

f£LHpx).
In (I) and (3) the extension is necessarily unique.

Proof.   (1) => (2) is trivial.   (2)=» (3) is proved as in [9, p. 130, (ii)].   For

(3) => (1), prove   T >  0 as in [14, p.  1381], and prove   Tlx    = lx  as in   [9, (6.2.

iii)].   To show  T   lx = lx     is easy.   To see that the extensions are unique,

note that   T >  0 implies   (Tf)   < Tf     and  (Tf)~ < Tf~, so T is a contraction in

both the   L     and  L°°  norms.

Remark,   (i)   (2)« (3) was first proved by J. V. Ryff for  L l [0,  l].

(ii)   (1)=> (3) here generalizes (1.1)   (4)=* (1).

(4.2) Proposition.   // T:  Lx(pA —> L   (p) is d.s. then  T    has a unique

extension to a d.s. map of L   (p)—» L   (p.).

Proof.   We verify (4.1.2) for  T*.   Let  EeA.   For all A e A x, fAT*lEdpx =

! 1B T1A^>   and 0< flETlAdp  < fTlAdp = p  (A) = fA lx   dp.     so 0<

T    L  <   L .   The rest is easy.

(4.3) Example.  T       If y:   X -> Xx  is m.p-, define  Ty f = f ° y for all / e

Ll(px).   Then  T    j ~ /, so T     is d.s.   Of more importance, T     T    f = / for

all feLl(px).   Indeed, for all Ae Ax and fe Lx(px),  flAT*y Ty fdpx =

)Ty lATy/dp = f(lA °y)(foy)dp = flAfdpx   (see [15, Lemma 3]).

(4.4) Example.   T    [9, p. 99].   The conditional expectation operator determined

by a cr-subalgebra of  A is easily shown to be d.s. using (4.1).   An important ex-
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ample is the d.s. operator  T    which arises when a finite m.s. is embedded in a

nonatomic m.s.   Note that a finite or a-finite m.s. has at most countably many

atoms, so  X = X   \J (J        p A   , whete   X    is nonatomic, each  A     is an atom,

P = {1, ••., k\ or  P= {1, 2, 3, •••!, and uiA.n A.) = 0 whenever i¿ j.

We embed (X, A, p) in a nonatomic m.s. (X , A , p ) as follows.   Let

I[a , b ] be disjoint intervals of R  with endpoints  a     and  b  , such that  b   -
77 77 ' r 72 72* 72

a    =ii(/l),   neP.    Then define
72 ~ 72

X»=XoU  IJ   I[an,bn];
nSP

E e A#  iff E = En u U    „ p /    where En e Xn n A and /   C / [a , fb ] is
0 72   £ F J 72 0 0 ■'77 7l'        72

Lebesgue measurable; and p(E) = piE ) + 2      p m(J  ) where ttz = Lebesgue

measure.   Each / e M (X, p) is identified with / " = / lv   +2      nif\A)l,r i.
' '     AQ 72 e F v' I    72'    \\an, bn\

Clearly / « ~/, so 8, « = 5/.

Finally, we define

Tf = ßy    +  E  ^-— f " /Va for all /e,\l(XW,ftH)
M °       ,„\b   -a   J«n     }  A»

neP    \      72 72 /

for which this makes sense.   Then:

(1) TM: LHft8)^ L'ip) is d.s.;

(2) for all feLliu") and g£ M(X, ft) such that /g" £ Llip") we have

V« V) = g V' S0  V*  = g  and '«* ^"   = J"« TM ̂ '
We now give a generalization of (1.1)   (1) => Í4).   Let J/ (X , X) = ¡T| T:

LHpA^LHp) is d.s.!, 3)f (Xj, X) = {r/: Te${Xv X)\, and O^X, f¿) =

\g£M(X, ft): g -< /!  for /e L l (ft ).   Usually we will abbreviate these sets as

J), Jb., il,, tespectively.

(4.8) Lemma (Ryff).   5)(X ., X)  is convex and compact in the weak operator

topology determined by the linear f une tionals  Tl-+ffTgdp,   /eL   ip),  g£

L^ip-r).

The proof given in [15, p. 97] generalizes easily.

(4.9) Theorem.   Let f £ L l (X v pA.    If g£ M (X, p) then g -< /  iff there is

a doubly stochastic operator T: L   (ft ) —> L   (ft) such that g = T f.

Proof.   Let ¡£ L1ip ).   Clearly 5). C il., so it suffices to show that il, C

3),.   Now 2). is a convex, weakly closed subset of L   (ft), because it is the image

of the compact, convex set UP (X, X  ) under the continuous, linear map T H»

T   f.    Letting   K = côv il. ( = il., actually, but we do not need this), it suffices

to show  K = "côv î). = î)..   We do this using Lemma (3.1).   Let g £ L°° ip).

Then
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supHghdp: ¿ e/(j = sup|fg/Wp: Kûj </" 8f8g = ff'g'dp" = jgTßf'dp

tot some /' e M(X*, p#) such that / ' ~ /.   Let o :  X " -> [0, a ] and y :   X* —

[0, a] be measure preserving such that  T a 8, >   = /    and T    8. = /.   Since /    ~ /,

V =«/.so  Tßf =TtMTa8/l   = TmTct0/ = TmTctT; / e 3), , and the proof is

finished.

(4.10) Corollary.   // /r /2 e L1^, px) and g e M(X, p) and g < f x + f2

then there are g     g2e Lx (X, p) such that g = g x + g2 and g , -< /x  and g2 ^ /r

This generalizes [8, p. 51].

5. Q(/) is the closed convex hull of A(/).   If / e L x (X, p) let A(/) = !¿e

M:  h ^ f\ and üif) = {he M:   h < f \.   One way to generalize (1.1)   (1) « (3) is

to give conditions on a Banach function space B between  L°° and  L    such that

for all f e B, fi(/)  is the norm closed convex hull of  A(/).   That  ii(/)  is convex

when fe Lx follows as in [9, p. 135].

We will consider the class of Banach function spaces   L " described in detail

in [9], and [10].   Recall that a Riesz function norm is a mapping p :    M   (X, p)—►

[O, 00] which is zero only at functions which are zero p -a.e., which  is positive

homogeneous, satisfies the triangle inequality, and which is increasing:   0< / <

g implies p(f) <  p(g).   The norm p is said to be Fatou if 0 <  /   } f  pointwise

implies p(f  )] pif).   We extend p to M(X, p) be defining pif) = p(|/|) and let

LP(X, p) denote those / for which p(f) < 00.   If A e A implies there is a Be A

with  B C A,   p(B) > 0, and pdß) < °°, then  p is said to be saturated.    Associated

with p are  p   and p     defined by p   if) = sup Í /|/g la'p:  pig) <  l\ and p    =

ip')'.

We assume for the remainder of this section that p  is a saturated Fatou func-

tion norm such that  L°° C Lp C L  .   Then  L10 is complete [10, Note II, p.  149]

and  L°° C  Lp    C L1.   We also assume that  fi(/) C Lp whenever fe Lp, which is

equivalent to having  §1,1 Si    \ e L   [0,a] whenever  /e Lp and g e Lp  [9, p. 116].

Such spaces  Lp ate called (u.r.i.) by Luxemburg.   It follows as in [9, pp. 135,

I36] that Qif) is p-closed and p-bounded for all feLp.

(5.1) Proposition.    // Lp /  L°°, then (Lp)* = Lp

Proof.   Now  (L^)*C (L°°)*= %.   Suppose / e Lp\ L°°, and let v e iLp)*.

Since  \v ̂  I A   \v  I = 0 [17, Theorem 1.16], we have  |z^   I + Ii;   \ = \v\ e iLp)
1     p  ' '     C' ' ' lcll¿7111

[10, Note VII, Theorem 22.3], so   | v   \ e iLpf [lO, Note VII, Theorem 22.4].   Now

I v   I   «     p, so every atom of p is an atom of   | v   |.    Then \vA  is both countably

and purely finitely additive on each atom of p, so   \v A = 0 on the atoms of p,

if any.    If p(X  ) > 0, where  X     is the nonatomic part of X, and   \vA (X  ) / 0,
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then the proof of (3.9) shows that sup i U/ba^z/ |: ¿>"° |/| I = + °°» which contradicts

\v  \ £ ÍLP)    and p-boundedness of ilif).   Thus   \v  \ (X ) = 0, so   dv - gvdp, and

gv£ Lp     by the converse of Holder's inequality [10, Note V, Theorem 14.1].

(5.2) Theorem,    ilif)  is the p-closed convex hull of A(/) for all f £ Lp   iff

(X, A, p)  is adequate.

Proof.   If f £ Lp, then Lemma (3.1) says that  il(f) is the closed convex hull

of  A(/)  iff

(*) sup F[A (/)] > sup Fiilif)]       for all F e (Lp)\

If (X, A, p) is not adequate, then Theorem (3.6) says there are A, B e A suchthat

sup jjlAlEdp: lE - lß| = 0 < piB) =/oö  8A8B

= sup I jlATßlE dp: 1£~ 1B,  E£An\ <supf jlAh dp: h <1À.

Since  ÍLp)* D L°°, (*) fails for f = 1^  and FÍA = /• lß a>.

Conversely, suppose (X, A, ft) is adequate and let f £ L p.   If (X, A, p) is

discrete, then Theorem (1.1) gives the result.   Thus let (X, A, ft) be nonatomic.

Suppose first that  Lp  / L°°, so (Lp)* = Lp '.   Let g £ Lp ', and let o:  X-*

[0, a] be m.p. such that 8   o a = gp-a.e.     Since 8\,\ 8\   i   e L ! [0, a] we have
s or \l I    \e |

sup I /¿g a>: /b £ Q(/)| < jo* z3/z3g = J" (S, ° o)g dp,

so  (*) holds.   If Lp = L°°, and v £ \ then

sup ijhdv: h £ilíf)\ < j" 8f8g   + v+(x) ess sup f - v~ÍX) ess inf /,

so Proposition (3.9) shows that  (*) holds.

6.   Problem.     The following problem, suggested by the previous results, seems

to be open:

Let (X, A, p) be nonatomic, let    ¡£ L°°, and v £ M.   Characterize { f hdv:

h ~ / j  as a subset of R.   For example, [9, Theorem (9.1)]  and the proof of Prop-

osition (3.9) show that this set is dense in

[/;*/«V-«).j;v.J+K
where  R, is the essential range of /.

'(X) - sv-(X): r,s£R.\
P I
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