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DECREASING REARRANGEMENTS AND DOUBLY
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ABSTRACT. In this paper generalizations to measurable functions on a finite
measure space (X, A, i) of some characterizations of the Hardy-Littlewood-

Pélya preorder relation < are considered. Let p be a saturated, Fatou func-
tion norm such that L CLPCL! and let L” be universally rearrangement
invariant. The following equivalence is shown to hold for all f€ LP iff (X, A
is nonatomic or discrete: g < f iff g is in the p-closed convex hull of the set
of all rearrangements of f. Finally, it is shown that g < f€ LY iff g is the
image of f by a doubly stochastic operator.

L. Introduction. In [5] and [6], G. H. Hardy, J. E. Littlewood, and G. Pélya
introduced a preorder relation < for n-tuples x = (x|, +++, x_) € R” of real numbers
as follows. If x€ R” let x™= (x "1‘ cee, x :) denote the point obtained by re-
arranging the components of x in decreasing order. Then for x, y e R”, y < «x

means
k k
Z)”:SZX’:, k=1,-00,n-1,
i=1 i=1

with equality when k = 7. Hardy, Littlewood, and Pdlya characterized this pre-

order relation as follows [11].

(1.1) Theorem. The following are equivalent for x, y € R™.

(1) y< x

(2) 327_ e (y,) < 27_ e (x,) for all continuous convex functions ¢ on R.
(3) y is in the convex hull of {z: z*=x™}

(4) There is a doubly stochastic matrix A such that y = Ax.

Still another condition equivalent to y < x has been given by Muirhead [12]
(also see [16]).
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It is of interest to try to generalize this theorem to functions in LP(X, A, p),
where p is a saturated Fatou norm such that L™ C L%, Lp CL! and L” is uni-
versally rearrangement invariant (u.r.i.). The reader is referred to [9] for a discus-
sion of these notions. A generalization to L1[0, 1] of (1) = (3) = (4) has been
given by J. V. Ryff ([14], [15]). A generalization of (1) = (2) has been given for
o(L*™, L) by A. Grothendieck [2]. W. A. J. Luxemburg [9] has independently
given a generalization of (1) = (2) = (3) for o(L”, L” ).

After establishing some machinery in §§ 2 and 3, we will in §4 generalize (1)
= (4) for L1(X, p). Finally in §5 we give a generalization of (1) = (3) for the
p-topology.

2. Preliminaries. Let (X, A, p) be a finite measure space (m.s.), that is, X
is a nonempty point set, A is a o-algebra of subsets of X, u is a nonnegative
countably additive measure on A, and a = u(X) <. We let [.dp denote integra-
tion over X, and let M(X, ) denote the extended real valued measurable functions
on X. If fe M(X, p) its distribution function is defined by d/(s) =px: f(x)>s))
for all real s, and its decreasing rearrangement by 8/(t) = inf {s: d/(s) <t} for
0 <t < p(X). The characteristic function of E € A is denoted by 1, and the de-
creasing rearrangement of 1 is denoted by &.

Let (X, A, p,) also be a finite m.s. with p (X ) = pu(X) =a. Amap y:

X — X, is called measure preserving (m.p.) if uly~HED = ul(E) forall E€A,.
If fe M(X, ) and g€ M(X |, p ), then [ and g are called equimeasurable (written
[~ g) whenever 8/ = Bg.

The Hardy-Littlewood-Pdlya preorder relation is generalized as follows. If
e Ll(X, @) and g+€ Ll(Xl, ) then g << [ (g is weakly majorized by [’’)
means [ 83 < f‘ forall 0<t < a, and g< [ (*'g is majorized by [’’) means
g << [ and fa fo s

Finally, M denotes the set of all bounded, finitely additive real valued mea-
sures v on A such that v(E) = 0 whenever p(E) = 0. M is known to be a vector

lattice, where if a, Bem, then
(a A B)(E) = infla(T) + BTSN E): T CE, T €Al

A measure 0< a € M is called purely finitely additive if the zero measure is the
only countably additive measure between O and a in the lattice ordering. Every
v €Ml can be written v = Vet V, where vp, v; are purely finitely additive, and

v, is countably additive [17 Theorem 1.24]. Then dv_=g,dp with g ¢ L.

3. Bounds of some functionals. Results of later sections depend on the fol-
lowing principle which is a corollary of the Hahn-Banach theorem for a locally

. . . *
convex topological vector space V with continuous dual V"
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(3.1) Lemma. Let K be a closed convex subset of V and let D C K. Then
K is the closed convex bull of D iff sup F[D]> sup F[K] forall F eV*

In this section results are given which pave the way for the use of this lemma.

A set A€ A is called an atom of (X, A, p) if p(A) >0, and for all B€ A
with B C A we have either u(B) = 0 or u(A\B) = 0. Any measurable function is
essentially constant on every atom. A measure space is called nonatomic if it has
no atoms. Although a nonatomic measure space is not measure-theoretically
equivalent to [0, p(X)] unless (X, A, p) is separable, these two spaces can be

related by a measure preserving map.

(3.2) Lemma. The following are equivalent.

(1) (X, A, p) is nonatomic.

(2) There is a measure preserving map of X into [0, p(X)[.

(3) If v—u=p(X) then there is a m.p. map of X into [u, v[.

(4) Every right continuous decreasing function on [0, u(X)] is the decreasing

rearrangement of a measurable function on (X, A, p).

Proof. (1) = (2). If ¢ is the function in [3, Lemma 7], then o(x) = pu(X) ¢ (x)
is measure preserving. Alternatively, we may use [4, 41(2)] to define, for each
u=m/2" n>0, 0<m< 2" sets B suchthat p(B ) =up(X) and #<v im-
plies B, CB . Then {x: olx)>st=U {Btc: t > s/a} and we easily compute
8, () =p(X)-t. (2) = (3). If 0: X— [0, al is m.p. and v-u = a, then x
o(x) + u is am.p. map of X into [«, v[. (3)= (4). Let 0: X— [0, a[ be m.p. If
F is decreasing and right~continuous on [0, a] then f= Foo~F, so §, = F by
uniqueness of 5/. (4) = (1). Let fe M(X, ) such that 8/(t) =a—t. Then { is
not constant on any subset of X of positive measure so X has no atoms.

Let (X, A, p) be nonatomic and let fe€ M(X, ). If A, B€ A have u(A) =
p(B), then (3.2) may be used to define [ ' = a result of interchanging the values
of { on A and B, as follows. Let 0,: A— [0, u(A)] and og: B—[0, u(B)] be
m.p. Then f'= 7|40 p on B, = 5/| g°0,4 on A, = [ elsewhere. Clearly /'
~ /.

Using (3.2) it is also easy to generalize to nonatomic m.s. a result of J. V.
Ryff [15, Lemma 2] and G. Lorentz [7, p. 61] for [0, 1].

(3.3) Proposition (Lorentz-Ryff). If the finite m.s. (X, A, p) is nonatomic
and [€ M(X, u) then there is a measure preserving map a: X — [0, u(X)[ such
that [ = 5,00 p-ae.

Proof. See [1, p. 26].
The next result is a generalization proved in [9, p. 102] of an inequality of
Hardy and Littlewood.
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(3.4) Lemma. If f, ge M(X, p), a = p(X) < oo, and 81” 8|g| € L0, a] then
fge L1(X, p) and

a a
58 /a - 08,0t < [lgdus [25,.
These inequalities hold also for all 0< f, g€ M(X, ), even if 8,9, 4
L1 [o, al.

It is a corollary of a theorem of Hardy [9, p. 94] that if f ‘<< f and both
1
3|/|8|g| and 5|f " 8|g| € L0, a], then

a a
JoBrar < S5 8 B
If /' < [ then in addition
(3.5) (28,0800~ dr< [[gdus [755,.

If /'< feL'(y) and alll 8|el € L1[0, a] then, by approximating |g| by non-
negative simple functions, we see that already 3|/,| 8|g| € L0, a1, and (3.5)
holds.

Because of its utility, Luxemburg has called a measure space adequate if
max{[fg'dp:g'~gl=[3g 8, Sg for all 0< f, g€ M(X, p), and he has asked
for a characterization of such measure spaces [9, p. 106]. The following seems

to be ‘‘adequate’’.

(3.6) Theorem. The following are equivalent for the finite m.s. (X, A, p).
(1) (X, A, u) is adequate.

(2) (X, A, p) is nonatomic or consists only of atoms of equal measure.
(3) Forall A, Be A we have

sup{flAlEdy: lp ~ IB} = sup{p(4 N E): p(E) = u(B)} = f:aABB'

Proof. (2) = (1). Suppose (X, A, p) is nonatomic. Let o: X — [0, a] be
m.p. such that 8, © 0= p-a.e. Then [{ 8,8, = f(8/ °0) (Bg co)du = [fg'dp,
where g’ = 8, °0 ~ g The proof when (X, y) is discrete is similar [5, Theorem
368)]. (1) = (3) is obvious. It remains to prove (3) => (2). Suppose (2) is not
true. Then either X has at least two atoms, A, B with 0 < u(B) < u(A); or X has
an atom A and a nonatomic part X of positive measure, in which case there is
a B CX, suchthat 0 <p(B) <p(A). In either case, for all E€ A with 15~ 1,
we have pu(E) = p(B) and hence u(A N E) < u(E) = u(B) < u(A), so u(AN E) =
0, but [§ 8,85 = p(B)> 0.

Finally, it is necessary to determine sup {[b dv: b~ [} when fe L™, vell,

and (X, A, u) is nonatomic.
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(3.7) Lemma. Suppose 0<a, Be€ W are purely finitely additive. If a A B =

0 then there are sequences {An§ and {Bn} such that
(@ A nB =g, (o) BB)TAX),
® a@)TaX), (@ pA) and pB,)— 0.
The proof is straightforward using [17, 1.1.1 and Theorem 1.22].

(3.8) Lemma. Suppose (X, A, u) is nonatomic, ANB = & and p(A), p(B)
< % min {u(S), p(T). Then there are sets D CS and E CT such that

(a) u(D) = u(A), u(E) = u(B);
(b) A, B, D and E are pairwise disjoint.

Proof. p(A) + u(A°N BN 8)/2+ pu(AN BN §)/2 < p(A) + p(B)/2 + u(A)/2
< p(8)/4+ pu(8)/8 + u(8)/8 = u(8)/2. Hence, u(A) < p(A° N BN $)/2=
AN BN SN T)+p(A°n B°n S N 1))/2. Similarly, p(B) <
(AN BN SN T)+ p(An BN §° N T))/2. Since (X, A, p) is nonatomic,
ANB NS NT=PyUQ with PN Q=g and u(P) = u(Q). Hence p(A) <
p(lA°n BN S N TJUP) sothere isa DC (AN B N SN T)U P such that
p(D) = u(A). Similarly for EC (AN BN SN T)u Q.

(3.9) Proposition. Suppose (X, A, p) is nonatomic, let ve and fe L™
Then

sup{fbdv: h ~/}= .[:8/681, + V;(X) ess sup [ - v, (X) ess inf f.

Proof. Let r =ess sup f, s = ess inf [, let o: X— [0, a] be m.p. such that
Bgyo o0=g, p-ae., let h=5,00,andfor i> 1 let S, = {|f-r] <1/i} and
T, "= {|f-s| <1/i}. Let {A } and {B } satisfy (a)=(d) in (3.7) with a = » ]
and ﬁ:l/p
assume p(A,), p(B;) < % min {u(S,), u(T,)}. Hence by (3.8) there are sets
D, CS, and E; C T, such that /‘(Di)=l"(‘4i)' /"(Ei)zl‘(Bi)’ and A,, B, D;,

E, are pairwise disjoint.

. Using (d) and passing to subsequences if necessary, we may

Foreach /> 1 let b, be a result of first interchanging the values of h on
D, and A_, and then of interchanging the values of the resulting function on E,
+ -
and B;. Then h, ~ b ~ {, and fbidv=fbigvdy+fbidvp - fbidvp . Now
[b,g,du— [bg,dp as i — . Indeed, if G,=A,U B,;U D, U E_ then b, =
b on X\\Gi’ so

fh,-g,,d# = fx_c,. hg, dp + fcibig,,d#’ fGibig,,d# < llbllmfci lg, | dp — 0

as i— oo. For the rest,
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+
fA rldv + fX_Ai|bi——r|de

<V b =l I () = v )] — 0,

i
Similarly | [b, dv' -sv, _ (X)| — 0. Since [hg,dp = f(B ° o) (3 °0)a'y=
fa Ly 3 L the proof is fmlshed

fhidv; - rv;(X)

4. Doubly stochastic operators. If T: Ll(yl)——’ L' () is bounded and
linear, let T* denote the adjoint of T, defined by [gTfdu = f/T*g dp,, for all
feL'(n)) and g€ L®(y). Then T™: L% () — L®(u)) and T is weakly contin-
uous [13, p. 38, Proposition 12] (or use nets and the defining equation).

By analogy with the definition for matrices, we define a doubly stochastic
(d.s.) operator to be a bounded, linear operator T: L l(yl) — Ll(y) such that (1)
T>0; (2 Tl x; = I and 3) T* ly = lxl. It is easy to see that whenever two

d.s. operators can be composed, the result is d.s.

(4.1) Theorem. Let T be a linear map of the simple functions of Ll(y )
into L1 (p). Tke following are equivalent:
(1) T extends to a d.s. operator on L' (i)

() 0< Tlg < 1y and [Tlgdu = () forall EA,.
(3) There is a lmear extension of T to L! (n,) suchthat Tf< { for all
feL ().

In (1) and (3) the extension is necessarily unique.

Proof. (1) = (2) is trivial. (2)= (3) is proved as in [9, p. 130, (ii)]. For
(3) = (1), prove T > 0 as in 14, p- 1381), and prove Tl = lX as in [9, (6.2.
iii)]. To show T* ly =1, is easy. To see that the extensxons are unique,
note that T > 0 1mp11es (T/)‘L <Tf * and (Tf)~ <Tf~, so T is a contraction in
both the L! and L*® norms.

Remark. (i) (2) = (3) was first proved by J. V. Ryff for Ll[O, 1.

(i1) (1)=> (3) here generalizes (1.1) (4) = (1).

(4.2) Proposition. If T: Ll(pl) — L) is d.s. then T™ bas a unique
extension to a d.s. map of L1(y) — L'(u V-

Proof. We verify (4.1.2) for T* Let E€A. Forall A€ AL [a 'I"*IE.a',l1 =
fiE T1ludp, and 0< [1pT1adp < [Tlydp =p (A)= [ 1y du;,s0 0<
T 1 < lxl. The rest is easy.

(4.3) Example. T,y. If y: X — X, is m.p., define T_ [ =[oy for all fe€
Ll(yl). Then T,y/ ~ f, so T,y is d.s. Of more importance, T’; Ty f=1 for
all fe L (y,). Indeed, forall A€ A, and feL'(n), flAT",; T, fdp, =
JT, 14T, fdu = [(109) (foy)du = [1, fdy; (see[15, Lemma 3]).

(4.4) Example. T o [9, p. 99]. The conditional expectation operator determined
by a o-subalgebra of A is easily shown to be d.s. using (4.1). An important ex-
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ample is the d.s. operator T, which arises when a finite m.s. is embedded in a
nonatomic m.s. Note that a finite or o-finite m.s. has at most countably many
atoms, so X = X, U U nep A, where X is nonatomic, each A, is an atom,
P={l,..., kK or P=1{1,2,3,.--},and p(4,N A,')= 0 whenever i #£ j.

We embed (X, A, p) in a nonatomic m.s. (X", A" 1) as follows. Let
I{a_, b_] be disjoint intervals of R with endpoints @_ and b_, such that b_-
n n n n n

a = ,u(An), n€ P. Then define

Xf=X,u U Ila,, bn];
n€P
EeAN' itf E-E ;U pJ, where EgeX N Aand [, Clla, b, is
Lebesgue measurable; and p(E) = “(Eo) + En ep m(],) where m = Lebesgue
measure. Each fe M(X, p) is identified with f# = /lxo +2 plflA)1
Clearly f# ~ [, so 8/g¢ =0
Finally, we define

I [a,,. b,,]'
I

1 by . 4 H
— —_— eM(xX", )
T f=1lx,+ Zd) <b . />1An for all feM(X", p
.n

—-a
n n

for which this makes sense. Then:

(D) T,: L' p*) — L) is dus.;

(2) forall f€ Ll(y“) and g€ M(X, p) such that /g” € Ll(p”) we have
T, (") =gT,[,s0 Tg" =g and [g" fdu" = [gT, [dy.

We now give a generalization of (1.1) (1) = (4). Let PDx " X)={T| T:
L' p)— L' is d.s.d, 9)/ (X, X)={T/: Te DX, X}, and Q,(X, p) =
fgeM(X, p):g <[} for [€ Ll(;Ll). Usually we will abbreviate these sets as
P, @/, Q/, respectively.

(4.8) Lemma (Ryff). D(x » X) is convex and compact in the weak operator
topology determined by the linear functionals T v [{Tgdy, f€L Y, ge
L% (u,).

The proof given in [15, p. 97] generalizes easily.

(4.9) Theorem. Let fe LY(X , p,). If g€ M(X, p) then g < [ if] there is
a doubly stochastic operator T : Ll(yl) — LY(y) such that g = T|.

Proof. Let f¢€ Ll(pl). Clearly fD/ C Q/, so it suffices to show that Q/ C
.(D/. Now .(D/ is a convex, weakly closed subset of L1 (), because it is the image
of the compact, convex set Dx, x 1) under the continuous, linear map T
T*/. Letting K =Tov Q/ (= Q/, actually, but we do not need this), it suffices
to show K =Tov fD/ = .(D/. We do this using Lemma (3.1). Let g¢€ L* (/,L).
Then
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sup{ ghdp: b EK} :sup{fgbdy: bEQ/}Sf: 3/53= f/'g"d;t” = ng#/'dy
for some f' e M(X", u*) such that /""/ Let 0: X — [O a) and y: X“l—+

[0, a] be measure preserving such that T, =f" and T =f. Since '~/
5/I=8/,soT’u/ —TT81_T TS/_T T, Tr /€J/,andtheproofxs
finished.

(4.10) Corollary. If f,, [, € Ll(Xl, ) and ge M(X, p) and g <[ +/,
then there are 8y gzeLl(X, p) such that 8=8,+8,and g, < [, and g,< [,

This generalizes [8, p. 51].

S. Q(f) is the closed convex hull of A(f). If fe LY(X, u) let A(f) ={be
M: b~ f} and Q(f) ={heM: b < [} One way to generalize (1.1) (1) = (3) is
to give conditions on a Banach function space B between L™ and L' such that
for all f€ B, Q(f) is the norm closed convex hull of A(f). That Q(f) is convex
when fe L! follows as in [9, p. 135].

We will consider the class of Banach function spaces L © described in detail
in [9], and [10]. Recall that a Riesz function norm is a mapping p: M*(X, p)—
[0, =] which is zero only at functions which are zero p-a.e., which is positive
homogeneous, satisfies the triangle inequality, and which is increasing: 0< f <
g implies p(/) < p(g). The norm p is said to be Fatou if 0 < fn 1 / pointwise
implies p(f )1 p(/). We extend p to M(X, u) be defining p(f) = p(|/|) and let
LP(X, p) denote those f for which p(f) <. If A€ A implies there isa B€e A
with B CA, p(B)> 0, and p{lg) <, then p is said to be saturated. Associated
with p are p’'and p” defined by p’ (f) = sup{ [|fg|dp: p(g) < 1} and p" =
(p"".

We assume for the remainder of this section that p is a saturated Fatou func-
tion norm such that L™ C LP C L', Then L” is complete [10, Note II, p. 149]
and L* C LP C L. We also assume that Q(f) C LP whenever f€ LP, which is
equivalent to having 8|/| 5|g| e L'[0, a] whenever f€ L” and g€ LP' [9, p. 116].
Such spaces L’ are called (u.r.i.) by Luxemburg. It follows as in [9, pp. 135,
136] that Q(f) is p-closed and p-bounded for all fe L~

(5.1) Proposition. If LP £ L™, then (LP)* = LP

Proof. Now (L”)* C (L®)* =~ M. Suppose fe LP\ L*, and let ve (LP)*.

Since |v | A |y | =0 [17, Theorem 1.16], we have |v_| + |V | =|v|e (LP)*
[10, Note VII, Theorem 22.3], so |V | € (LPy* [10, Note VII, Theorem 22.4). Now
Iv | << p, so every atom of p is an atom of IV |. Then lvpl is both countably

and purely finitely additive on each atom of p, so |vp| = 0 on the atoms of p,
if any. If [I(Xo) >0, where X is the nonatomic part of X, and lvp| (Xo) £0,
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then the proof of (3.9) shows that sup {[[hd|v,|: b~ |f|} = + e, which contradicts
|V | e (Lp)* and p-boundedness of Q(f). Thus |v |(X,) =0, so dv=g,du, and
g,€ LA’ by the converse of Hélder’s inequality [10 Note V, Theorem 14.1].

(5.2) Theorem. Q(f) is the p-closed convex hull of Af) forall {€L” iff
(X, A, p) is adequate.

Proof. If f€ L”, then Lemma (3.1) says that Q(f) is the closed convex hull
of A(f) iff

(%) sup FIA(N] > sup FIQ(N)]  for all F e (LP)"

If (X, A, p) is not adequate, then Theorem (3.6) says there are A, B € A such that
) a
sup{flAlEdp: lp ~ IB} =0 <y(B)=f0 5,0g
# .
= Sup{flAT,ulEdI": lp~1g, E€A }Ssup{IlAbdp. b <IB}.

Since (LP)* D L%, (+) fails for f=1, and F(.)= [+ 15dp.

Conversely, suppose (X, A, p) is adequate and let fe L, If (X, A, p) is
discrete, then Theorem (1.1) gives the result. Thus let (X, A, p) be nonatomic.
Suppose first that L? £ L™, so (LP)*=LP". Let ge L? ' and let o: X —
[0, @] be m.p. such that Sgo o = gpra.e. Since 8|/| 5|g| € L' [0, a] we have

sup {fbg dp: b e Q(/)} < I: 5/5g = I(S/ °o)gdy,

so (%) holds. If L? = L, and ve N, then
a + - .
sup {Ib dv: b€ Q(/)} Sfo 8/85v+ Vp (X) ess sup f - v, (X) ess inf {,
so Proposition (3.9) shows that (x) holds.

6. Problem. The following problem, suggested by the previous results, seems
to be open:

Let (X, A, p) be nonatomic, let f€ L, and ve M. Characterize { [ bdv:
h~ [} as a subset of R. For example, [9, Theorem (9.1)] and the proof of Prop-

osition (3.9) show that this set is dense in

[ Jo 805, @-0, s,agv]+ v f(X) = sv(X): 7, s € R}

where R/ is the essential range of f.
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